Discuss the motion of a particle in a central inverse-square-law force field for a su-
perimposed force whose magnitude is inversely proportional to the cube of the dis-
tance from the particle to the force center; that is,

kA

Fn=-5-5 hkA>0

L
Show that the motion is described by a precessing ellipse. Consider the cases
A< Bu, A= Ppand A > .

Find the force law for a centrafnrce fied that allows a particle 1o move in a spiral
orbi given by = kfF, where kis a constant.

Discuss the motion of a particle moving in an attractive central-force field de-
scribed by F{r} = —k/r"* Sketch some of the orbits for different values of the total
energy. Can a circular orbit be stable in such a force field?

A communications satellite is in a circular orbit around Earth at radius Rand veloe-
ity o A rocket accidentally fires quite suddenly, giving the rocker an outward radial
velaciry vin addition o its original velociry.

(a) Calculate the ratio of the new energy and angular momentum to the old.

(b) Describe the subsequent motion of the satellite and plot T(x, Vs, U{n), and
Elr) after the rocket fires,

(@) Dy the virial theorem, T —-L[/2 for a circular orbit

The firing of the rocket doesn't change U, so U =L,

But
1

—m(vt=0?)=2
am{etst)=am,

So
E, =20+l —-U, + 1, -0

The firing of the rocket doesn't change the angular momentum since it fires in a radial direction.

(b) E =0 means the orbit is parabolic. The satellite will be lost.
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Find the force law for a central-force field that allows a particle to move in a
logarithmic spiral orbit given by r = ke*’, where kand a are constants,

Solution. 'We use Equation 8.21 to determine the force law £(r). First, we
determine
—
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From Equation 8.21, we now determine F(r).
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Determine r(#) and 0(¢) for the problem in Example 8.1.
Soiution. From Equation 8.10, we find
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Rearranging Equation 8.23 gives
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and integrating gives
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where €' is an integration constant. Multiplying by 2z and letting C = 2a ("
gives
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We solve for 8(1) by taking the natural logarithm of Equation 8.24:
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o = e In (F + C) (8.25)
We can similarly solve for () by examining Equations 8.23 and 8.24:
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What is the total energy of the orbit of the previous two examples?

Solution. The energy is found from Equation 8.14. In particular, we need #
and Uir).

Uir) = If‘dr— %ﬂ[uz + l)[r"dr
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where we have let [7=) = 0.
We rewrite Equation 8.10 to determine #:
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Substituting Equations 8.27 and 8.28 into Equation 814 gives
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The ol energy of the orbit is zero if Uy = =) = 0.




Determine whether a particle moving on the inside surface of a cone under the
influence of gravity (sec Example 7.4) can have a stable circular orbit.

Solution. In Example 7.4, we found that the angular momentum about the
2+axis was 2 constant of the motion:

1=mi¥ = constant
We also found the equation of motion for the coordinate 2

i riftsinta + gsinacosa =10 (8.98)

If the initial conditions are appropriately selected, the particle can move in
a circular orbit about the vertical axis with the plane of the orbit at a constant
height z above the horizontal plane passing through the apex of the cone.
Although this problem docs not involve  central force, certain aspects of the
mation are the same as for the central-force case. Thus we may discuss, for ex-
ample, the stability of circular orbits for the particle. To do this, we performa
perturbation caleulation.

First, we assume that a circular nrbi‘L exists for v = p. Then, we apply the
perturhation r—+ p + x. The quantity 1% in Equation 8.98 cin be expressed as
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where we have retained only the first ierm in the expansion, because x/p is by
hypothesis a small quanti
Then, because p = 0, Equation 898 becomes, approximaely,
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If we evaluate Equation 898 at v = p, then ¥ = 0, and we have

peinecosw = ,ﬂ" sin o

The solution to this equation is just a harmonic oscillation with a frequency e,
where
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Thus, the circular orbit is stable.
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stable arcular orbil condition

Investigate the stability of circular orbits in a force field described by the
potential function

Uin)

where k> 0and a> 0,

Salution. This p ial is called the d Coulomb | (when
k= Ze'f4mey, where Zis the atomic number and ¢is the electron charge)

and
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The condition for stability {see Equation 8.93} is
3495
Fipy

Therefore

which simplifies to

We may write this as
T a
St--1=0
®or
Stability thus results for all g = /p that exceed the value satisfying the equation
frg-1=0

The positive {and therefore the only physically meaningful) solution is
1.~
1=, (VE- 1) =08

I, then, the angular momentum and energy allow a circular orbit at = p, the
motion is stable if
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