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Abstract
The aim of this paper is to study the concept of ordered G -semigroups containing two- sided bases that
are studied analogously to the concept of G -semigroups containing two-sided bases considered by T. Changpas

and P. Kummoon in 2018. Moreover, we prove any ordered G -semigroups containing two-sided bases have the

same cadinality.
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Introduction

The notion of two sided bases of semigroup has been introduced and studied by |.Fabrici. (Fabrici, 1975).
Indeed, a non-empty subsetA of semigroup s is said to be a two-sided bases of s if A satisfies the following
two conditions :

(1) S = AESAEAS ESAS.

(2)If 8 isasubsetof A suchthats = B ESB EBS ESBS, then B = A.

The concept of a 6 -semigroup has been introduced by M. K. Sen. (Sen, 1981). The concept of 6 -semigroup
containing two sided bases was first given by T. Changpas and P. Kummoon. (Thawhat & Pisit, 2018). Which form
of 6 -semigroup containing two sided bases is a non-empty subset A of a 6 -semigroup s is called a two-sided
bases of s itis satisfies the following two conditions :

(1) S = AESGA EAGS ESGAGS.

(2)If 8 isasubsetof A suchthats = B ESGB EBGS ESGBGS, then B = A.

The main purpose of this paper is to introduce the concept and extend the result to on ordered 6 -semigroup
containing two-sided bases. Will get the form of ordered 6 -semigroup containing two-sided bases is a non-empty
subset A of an ordered G -semigroup s is called a two-sided bases of s it is satisfies the following two
conditions:

(1)s = (AESGA EAGS ESGAGS].

(2)If 8 isasubsetof A suchthats = (B ESGB EBGS ESGBGS], then B = A.

We now recall some definition and results used throughtout the paper.
Definition 1.1. (Thawhat & Pisit, 2018). Let s and & be any two non-empty sets. Then s is called a 6 -semigroup
if there exists a mapping from S* G S ® S, written as (a,g,b) a agb, satisfying the following identity
(aab)bc = aa(bbc) foralla,b,ci S anda,b i G.
Definition 1.2. (Abdul et al., 2017). Let (S,G,£) be an ordered 6 -semigroup. For A and B be two non-empty
subsets of S, the set product AGB is defined to be the set of all elements agh ins whereai A,bi B and
gi G Thatis
AGB = {agblai A,bI B,g i G}.

Also we write B Ga instead of B G{a}, and similarly for aGB, fora i S.
Definition 1.3. (Niovi, 2017). An ordered 6 -semigroup is a 6 -semigroup S together with an order relation £ such
that a £ b implies agc £ bgc and cga £ cgb foralla,b,cI S and g i G.

(lampan, 2009). For an element a of ordered G -semigroup S, define (a]:== {t1 s|t £ a} and for a

subset H of s, define (H1= Y (h] thatis(H1= {t1 s|t £ h forsome h i H}. Then following holds true:

hiH
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THI (HI= (HI

2.Forany subsets A and B of s with A1 B, wehave (A1l (B

3. Forany subsets A and B of S, we have (A EB]= (A]E (B

4. For any subsets A and B of S, we have (A ¢B1i (AIC(B].
Definition 1.4. (Niovi, 2017). A non-empty subset A of an ordered & - semigroup (S,G,£) is called a ¢ -
subsemigroup (or simply a subsemigroup) of s if AGA  A.
Definition 1.5. (Kwon and Lee, 1998). A non-empty subset A of an ordered 6 -semigroup (s, G, £) is called a left
(resp. right) G -ideal of s if it satisfies :

(1) sGA1 A (resp. AGS I A)

(2)ifai A andbg a forbi s impliesbi A.
Both a left G -ideal and a right G -ideal of an ordered G -semigroup S is called a G -ideal of s .
Definition 1.6. (Kostag & Edmond, 2006). An ¢ -ideal A of an ordered G -semigroup (S, G, £ ) is called proper if
At S. Aproperideal A of s is called maximal if foreach G -ideal T of s suchthat A1 T, wehaveT = A or
T =5 ie.,thereisno c-idealT of s suchthatai T 1 s.
Proposition 1.7. (Kostag & Edmond, 2006). Let (s, G, £) be an ordered & -semigroup and {Ai ‘i i 1} anon-
empty family of ideals of s. If C{Al|i T 1} & thenthe set ¢{A |i1 I} is a c-ideal of s and E{Al|i P13} is
also a G -ideal of s.

It is known (Niovi, 2017) that if denoted by 1 (A) , is the smallest ¢ -ideal of S containing A , and 1 (A) is
of the form 1(A) = (A ESGA E AGS B SGAGS]. Inparticular, foranelementa I S , we write I ({a}), 1(a) which
is called the principal G -ideal of S generated by a. Thus I(a) = (a E SGa E aGS E S GaGS]. Note that for any
bi S, we have (SGb EbGS E SGhGS] is a 6-ideal of s. Finally, if A and B are two ¢ -ideal of s, then the

union A EB isa c-ideal of s.

Methods
We begin this section with the definition of two-sided bases of ordered 6 -semigroup as follows.
Definition 2.1. (Abul et al., 2017). Let (S, G,£) be an ordered ¢ -semigroup. A non-empty subset A of s is called
a two-sided base of s if it satisfies the following two conditions.
(1)sS = (AESGA EAGS ESGAGS .
(2) If B isasubsetof A suchthats = (B ESGB EBGS ESGBGS], then B = A.

We now provide some examples.
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Example 2.2. (Chinnadurai & Arulmozhi, 2018). Let s = {a,b,c,d} and G = {a,b} where a,b is definedon s

with the following Cayley tables:

a a b c d b a b c d
a a a a a a a a a a
b a b c d b a b c d
C a [ C C [ a C C Cc
d a c c c d a b c d

£:= {(a,a),(a,b),(a,c),(a,d),(b,b),(b,c),(b,d),(c,c),(d,c),(d,d)}
In (Chinnadurai & Arulmozhi, 2018). (s, G, £) is an ordered G -semigroup. It is east to see that the two-sited bases
of s are {b} and {d}.But {b,d} is not a two sided base
Example 2.3. (Subrahmanyeswara et al., 2012). Let s = {a,b,c,d} and G = {a} where a is definedon s with

the following Cayley tables:

a a b c d
a b b d d
b b b d d
c d d c d
d d d d d

£:= {(a,a),(b,b),(c,c),(d,d),(a,b),(d,b),(d,c)}

In (Subrahmanyeswara et al., 2012). (s, G, £ ) is an ordered G -semigroup. It is east to see that the two-sited bases
of s is {a,c}. But {b} and {d} is not a two sided base

In Example 2.2. and 2.3. it is observed that two-sided bases of s have same cardinality. This leads to
prove in Theorem 3.4.
Hereafter, for any ordered G -semigroup (s, G, £ ), we shall use the quasi-ordering which is defined as follows.
Definition 2.4. Let (s, G, £) be an ordered G -semigroup. We define a quasi-orderingon s by forany a,bi S,

ap, b0 1@ 1(b).

Wewriteap bifap b buta! b. Itisclearthat, foranya,b ins, a £ b impliesap  b.

Lemma 2. 5. Let A be a two- sided base of an ordered G- semigroup (S,G£), and a,bi A. If

al (SGbEbGS ESGbGS], ESGbGS], then a = b.
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Proof. Assumethata i (SGb EbGS E SGbGS ], and supposethata ' b. LetB = A\ {a}. Sincea' b, bi B.
Toshowthat 1(A)1 1(B), itsufficestoshowthat A 1 1(B). Let x T A. There are two cases to consider. Ifx ' a,
then x T B, andso x 1 1(B). If x = a, then by assumption we have x = ai (SGb EbGS E SGbGS]i 1(b) i

1(B). Sowehave 1(A)I 1(B). Thuss = 1(A)I 1(B)I s. Thisis contradiction. Hence a = b.

Results
In this part the algebraic structure of an ordered G -semigroup containing two-sided bases will be presented.
Theorem 3.1. A non-empty subset A of an ordered G -semigroup (s, G, £) is a two-sided base of s if and only if
A satisfies the following two conditions:

(1) Forany x i s thereexists a i A suchthatx p_ a;

(2) Foranya,bi A, ifa® b, thenneitherap b norbp a.
Proof. Assume first that A is a two-sided baseof s. Then1(A)=s. Letx I s. Thenx i 1(A)= E{I(a) |forall
al A}, andso x 1 I(a) forsome a i A. This implies I1(x) 1 I(a). Hence x p  a. Thus (1) holds. Let a,b be
element of A such thata ' b. Suppose a p , b. We set B = A\ {a}. Thenb i B. Let x be element of s. By
(1), there exists ¢ in A such that x p, c. There are two cases to consider. If ¢! a, then ¢ B, thus
I(x)I 1(c)i 1(B). Hence s = 1(B). This is a contradiction. If ¢ = a, then x p_ b hence x I 1(B) since
bi B. Wehave s = 1(B). Thisis a contradiction. The case b p_, a is proved similary. Thus (2) holds true.

Conversaly, assume that the condition (1) and (2) hold. We will show that A is a two-sided base of s. To

show that s = 1(A). Let x I s. By (1), Then there exists a i A such that 1(x)1 1(a). Then x I 1(x)
I(a)f 1(A). Thuss i 1(A), and s = 1(A). Next it remains to show that A is a minimal subset of s with the
property: S = I(A). Suppose that s = 1(B) for some B i A. Since Bi A, there exists ai A\B. So
al (B]. Since ai Al s =

IB) and ai (B], it follows that aif (SGB EBGS ESGBGS]. Since
al (SGB EBGSE SGBGS], we havea £ y forsomeyi SGB EBGS E SGBGS. There are three cases to
consider:

Case1:y 1 BGS. Theny = bgs forsomeb i B,gi G andsi s. Sincea £ y and
y i b ESGb EbGS ESGbGS. Soal (b ESGb EbGS ESGbGs], itfollowsthat 1(a)i 1(b). Hence,
a p_ b Thisis a contradiction.

Case2:yi SGB. Theny = sgb, forsomeb, i B,g 1 G andsi s. Sincea £ y and
y i b, ESGb EbGS ESGbGS. Soal (b, ESGb, EbGS E SGb,GS], itfollows that I (a) Il (bz). Hence,

a p_, b,. Thisis a contradiction.
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Case 3: y1 SGBGS. Theny = s ghbgys, forsomeb i B,g,.9,1 G andsi s. Sinceaty and
yi b ESGb EbGS ESGb,GS. S0 al (b, ESGb, Eb GS ESGb Gs], it follows that 1(a)i 1(,). Hence
a p_, b, . Thisis a contradiction.

Therefore A is a two-sided base of S as required, and the proof is completed.

Theorem 3.2. Let A be a two-sided base of an ordered G -semigroup (s, G,£) suchthat 1(a) = 1(b) for some a
inA andb ins. Ifa* b, then s contains at least two-sided base.

Proof. Assume that a ' b. Suppose that bi A. Since ap 6 b and a' b, it follows that
al (SGbEbGS ESGhGS]. By Lemma 2.5., we obtain a = b. This is a contradiction. Thusbi s\ A. Let
B = (A\{a})E {b}. Sincebi B, we havebi A, and B j/A. Hence A '+ B. We will show that B is a two-
sided base of s. To showthat B satisfies (1) in Theorem 3.1.,let x I s. Since A is atwo-sided base of S, there

exists c 1 A such that x p c. Ifc' a, thenci B. Ifc = a, thenxp a. Sinceap b xp, 6 ap, b we

I
have x p_  b. Toshow that B satisfies (2) inTheorem 3.1., let c.c, i B besuchthatc ' c,. We will show that
neither ¢ p ¢, norc, p, c. Sincec i B andec, 1 B, we havec 1 A\{a} orc =b andc, i A\ {a} or
¢, = b. There are four cases to consider:

Case 1:c 1 A\ {a} andc, I A\ {a}. Thisimplies neitherc p ¢, norc p  c..

Case 2: ¢, i A\{a} andc,=b. Ifc p, c, Thenc p b. Sincebp a,c p bp, a Thusc p, a,

a contradiction. If ¢, p ¢, thenbp c . Sinceap b, ap

p , bp, c .S0ap c, acontradiction.

Case 3:c, i A\{fa} andc, = b .lfc p c, thenbp ¢, Sinceap b,ap bp, c, Hence
ap, c, acontradiction.Ifc, p ¢, thenc, p b.Sincebp a,c,p, bp, a Thusc, p, a, acontradic-tion.
Case 4:¢c, = b and ¢, = b. Thisis impossible.
Thus B satisfies (1) and (2) in Theorem 3.1. Therefore B is a two-sided base of s .
Corollary 3.3. Let A be a two-sided base of an ordered G -semigroup (S,G,£), andleta i A. If 1(x) = 1(a) for
some x I S, x ' a, then x belongs to two-sided base of S, which is different from A.
Theorem 3.4. Let A and B be any two-sided bases of an ordered G -semigroup (s, G,£). Then A and B have
the same cardinality.
Proof. Let a i A. Since B is atwo-sided base of S, by Theorem 3.1.(1), there exists an element b i B such that
ap, b Since A is a two-sided base of s, by Theorem 3.1.(1), there exists a’ I A such that b p_, a’. So

ap bp ,a,ie,ap, a’. By Theorem 3.1.(2), a = a". Hence 1(a) = 1 (b). Define a mapping

j cA® B byj(a)=1>b forallai A.

To show that j is well-defined, leta ,a, I A Dbe such that a, =a,j(@)=b andj (@, =b, for some
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b,b, I B. Then 1@, = 1() and i(a,) = 1(b,). Since a, =a,l@)=1@,). Hence 1)) = 1(a,)= 1(b) =
I(b,), ., b p b andb, p b. ByTheorem 3.1.(2), b, =b,. Thus j (a,) = j (a,). Therefore, j is well-defined.
We will show that j is one- one. Let a,a,i A be such that j@)=j(,). Since j@)=ja,),

i@)=1j(, =0b forsomebi B. S0 I(a,)= 1(a,)= 1(b). Since I(a,) = I(a,),a p, 6 a, anda, p  a_. This

implies a, = a,. Therefore, j is one-one. We will show that j isonto. Letb I B. Since A is a two-sided base of
S, by Theorem 3.1.(1), there exists an element a i A such that b p, a. Since B is a two-sided base of S, by
Theorem 3.1.(1), there exists an elementb” 1 B suchthatap b". Sobp ap b’ ie.,bp b Thisimplies
b=>b". Hence I(a) = I (b). Thus j (a) = b. Therefore, j is onto. This completes the proof.

If a two- sided base A of an ordered G- semigroup (S,G,£) is a G- ideal of s, then
S = (AESGA EAGS ESGAGS]i (A]l= A. Hence s = A. The converse statement is obvious. Then we
conclude that.
Remark 3.5. It is observed that a two-sided base A of an ordered G -semigroup (s, G,£) is a two-sided G -ideal
of s ifandonlyif A = s.

In Example 2.2., it is easy to see that {d} is a two-sided bases of s, butitis nota G -subsemigroup of s
This show that a two-sided bases of an ordered G -semigroup need not to be a G -subsemigroup in (Niovi, 2018).
A non-empty subset A of s is called a idempotent if A = (AGA] Ora=aga forallai A and gi G The
following theorem gives necessary and sufficient conditions of a two- sided bases of s to be a G -subsemigroup
S.
Theorem 3.6. A two-sided base A of an ordered G -semigroup (s, G,£) is a G -subsemigroup if and only if
A = {a} withaga=a forallgi G.
Proof. Assume that A of a G -subsemigroup s . Leta,bi A and g i G. Since A is a G -subsemigroup of S,
agb i A. Setting agb = ¢ ;thusci SGbi SGbEbGS ESGbhGB I (SGb EbGS E SGbGB].ByLemma?2.5., c = b.
S0 agb = b. Similarly, c 1 aGS I SGaEaGS ESGaGS [ (SGa EaGS E $GaGS]. By Lemma 2.5., ¢ = a. So
agh = a. Wehave a = b. Therefore, A = {a} with aga = a forallai A and g i G. The converse statementis
clear.
Notation. The union of all two-sided bases of an ordered G -semigroup (s, G,£) is denoted by R .
Theorem 3.7. Let (s, G, £) be an ordered G -semigroup. Then s \ R is either empty set or a G -ideal of s.
Proof. Assumethat s \ R ' & We willshowthats \ R isa G-idealofs. Letai s\ R, xI s andgi G To
show that xga i S\ R and agx I s\ R. Suppose that xga S\ R. Then xga i R. Hence xya i A for some

a two-sided base A of S. We set b = xga for some bi A. Thenbi SGa. By bi SGai aESGaEaGS E

SGaGS | (aESGaEaGS ESGaGS]= I(a), it follow that 1(b) 1 1(a). Next we will show that 1(b)1 I(a).
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Suppose that 1(b) = 1(a). Sinceai S\R andbi A,a ' b. Since I(b) = I(a) and Corollary 3.3, we conclude
that a 1 R. This is a contradiction. Thus I(b)1 I(a), i.e.,bp a. Since A is a two-sided base of s and

ai s\R, by Theorem 3.1.(1), there exists d i A such thatap d. Sincebp ap

d, bp, d. This is a
contradiction to the condition (2) of Theorem 3.1., so we have xga i S \ R. Similarly, to show that agx I S\ R.
Suppose that agx I R, thenagx i A for some a two-sided base A of s. Letagx = ¢ forsomeci A. Then
cfacgs. By ciaGSi aESGaEaGS ESGaGS I (aESGaFEaGS ESGaGS]= I(a), it follow that
1(c)i 1@). Next, we will show that 1(c)1 1(a). Suppose that 1(c) = I1(a). Sinceai S\R andci A,a' c.

Since 1(c) = 1(a) and Corollary 3.3., we conclude that a i R. This is a contradiction. Thus 1(c)1 1), i.e.,

cp,a. Since A is a two-sided base of s and a T s\ R, by Theorem 3. 1.(1), there exists e I A such that

ap, e. Since ¢ p ,ap, e cp e Thisis a contradiction to the condition (2) of Theorem 3.1., so we have

agx I S\R. Letxi s\RrR,yi s suchthaty £ x. Nextwe will showthaty i s\ R. Supposethaty i R, then
y I A for some atwo-sided base A of S. Since A is a two-sided bases of S, by Theorem 3.1.(1) there exists an
elementz 1 A such that x p  z. Sincey £ x,y p, x. So we havey p  z. This is a contradiction. Therefore
yi R thenyi s\R. Hence s\ R isa G-ideal of s.
Notation. Let M ~ be a proper G -ideal of an ordered G -semigroup (s, G, £) containing every proper G -ideal of
S.
Theorem 3.8. Let (s, G, £) beanordered G -semigroupand £! R 1 §. The following statements are equivalent:

(1) s\ R isamaximal proper G -ideal of s;

(2) Foreveryelementai R,R I I(a);

(3) S\R=M";

(4) Every two-sided base of s is a one-element base.
Proof. (1) 0 (2). Assume that s \ R is a maximal proper G -ideal of s. Leta i R. Suppose that R J/ I (a).
Since R ;/ I(a), thereexists x I R suchthatx I 1(a). Sowehave x I S\ R. Sincex 1 1(a), xi S\ R and
x1 s, wehave (s\R)EI(a)i S. Thus (S \ R)E I(a) isaproper G -idealof S. Hences \ R 1 (S\R)E I(a).
This contradicts to the maximality of s \ R.

Conversely, assume that for every elementa i R,R i 1(a). We will show that s \ R is a maximal proper

G -idealof s. Sinceai R, ai S\ R.Hences\R 1 s.SincerR1 s,s\R ' &£ ByTheorem3.7.,s\ R isa
proper G -ideal of S. Suppose that M is a proper G -ideal of S suchthat S\ R T M i s. SincesS\R 1 M,
there exists x I M suchthatx i s\ R, i.,e., xI R. Thenxi M CR. SoM CR ' & LetciI M CR. Then

ciM and ci R. Sinceci M,SGeci SGM I M,cGST MGST M and sGeGS i SGMGS i M. Then
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I(c)= (cESGc EcGS ESGeGS]i M. Since ¢ I R, by assumption we have R i 1(c). Hences = (S\ R)E
RI (S\R)EI()I M 1 s.Thus M = s. Thisis a contradiction. Therefore s \ R is a maximal proper G -ideal
of s.

(3)U (4). Assumethat s\ R = M ". Since S\ R = M ', s\ R isamaximal proper G -ideal of s. By
(1)U (2), for every ai R,R { 1(a). First, we will show that for everyai R,S\ R I I(a). Suppose that
S\R ;/ I(a) forsomeai R. Theni()' s. Hence I(a) isa proper G -idealof s. Thus1(a)f M = S\ R.
Theni1(a)f s\ R. Sinceati I(a),al S\R, i.e.,al R. Thisis a contradiction. Thus s \ R i 1(a) for every
al R. Since s\R1i 1(@a) and R 1 1(@a) for every ai R, it follow thats = (S\R)ER { I(@)EI(a)=
Ia)i s. Sos = 1(a) foreveryai R. Therefore, {a} is a two-sided base of s. Let A be a two-sided of s.
We willshowthat a = b forall a,b T A. Suppose thatthereexist a,b T A suchthata ' b. Since A isatwo-sided
base of S, A1 R. Thisis,ai R. S0 S = I(a). Sincebi S =1(a) andb'® a,bi (SGaEaGS ESGaGS]. By
Lemma 2.5., a = b . This is a contradiction. Therefore, every two-sided base of s is a one element base.

Conversely, assume that every two-sided base of S is a one element base. Then's = 1(a) forallai R.
We will showthat s \ R = M ". The statementthat s \ R is a maximal proper G -ideal of S follows from the proof
(1)U (2). Let M bea 6-ideal of § suchthat M is not containedin s \ R. ThenR CM ! &£ Letal R CM.
Hence ai R and ail M. SO sGai saM | M. aGs i MmaGs i m and $SGaGS I SGM GS. So we have
l(a)= (@ESGaEaGS ESGaGS]i M. Hences = 1a)f Mmi s. ThusM = S. Therefore s\ r = m *

(1)U (3). Assumethat s \ R is a maximal proper G-ideal of S. We will showthats \ r = m *. Since
S\ R is a proper G-ideal of S, s\rR i m i s. By assumption,s \r = m-ors =M . SinceS' M, so

we have s \ R = M ~. The converse statement is obvious.

Discussion

In this reseach, we investigated the notion of ordered 6 - semigroup containing two- sided bases. We proved
that a non-empty subset A of an ordered 6-semigroup (s, G,£) is a two-sided base of § if and only if A
satisfies the following two conditions (1) forany x 1 S there exists a I A such that & p,a; (2)foranyabi A,
ifa' b, thenneithera p b NOrp p  a. Also,weshowed thatif A and B be any two-sided bases of an ordered

G -semigroup (s,G,£). Then A and B have the same cardinality.

Conclusions
In this reseach, we have result in ordered 6 -semigroup that are analogously in 6 -semigroup considered by

T. Changpas and P. Kummoon in 2018.

- ________________________________________________________________________________________]
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