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ABSTRACT

In this paper, as a further generalization of ideals, we introduce the notion of bi-quasi-interior ideals as
a generalization of bi-ideal, quasi ideal, interior ideal, bi-interior ideal and bi-quasi ideal of ordered semigroup
and study the properties of bi-quasi-interior ideals of ordered semigroup.
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1. Introduction

The study of ordered semigroup began about 1950 by several authors, the theory of different types of
ideals in semigroup and in ordered semigroup was studies by several researches such as: In The notion of
ordered semigroup was introduced by G. Brikhoff [1]. In 1998, N. Kehayopulu [5] gave some characterization
of quasi-ideals and bi-ideals in completely regular ordered semigroup. In 1999 [4] the concept of interior ideals
was introduced by N. Kehayopulu for ordered semigroups. In 2002, N. Kehayopulu, J. S. Ponizovskii and M.
Tsingelis [3] studies bi-ideals in ordered semigroup and ordered group and introduced the notion of regular
ordered semigroups and simple ordered semigroups. After, N. Kehayopulu [6] studies ideals in ordered
semigroups and decomposition theorem of the left regular ordered semigroup into left simple ordered. In 2008,
Y. Yin and H. Li [10] introduced and characterized the concept of regular and intra-regular semigroup. In 2015,
N. Kehayopulu [7] introduced the notion of quasi-ideals of ordered semigroups. The concept of ordered (m,n)
quasi ideals was introduced by Suthin and Aiyared Iampan [9]. Ronnason Chinram and Winida Yonthanthum
[8] characterized the regularity-preserving element of regular ordered semigroup.In 2018, M. Murali Krishna
Rao [2] studies ideals in semigroup and introduced the notion of bi-quasi-interior ideal as a generalization of
quasi-ideal, bi-ideal and interior ideal of semigroup and studies the properties of quasi-ideal, bi-ideal and

interior ideal of semigroup, simple semigroup and regular semigroup.
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In this paper, as a further generalization of ideals, we introduce the notion bi-quasi-interior ideal as a
generalization of bi-ideal, quasi-ideal, interior ideal, bi-interior ideal and bi-quasi ideal of ordered semigroup
and study the properties of bi-quasi-interior ideal of ordered semigroup and some characterizations of bi-quasi-
interior ideal of ordered semigroup, regular ordered semigroup and simple ordered semigroup.

2. Preliminaries and basic definitions

In this section we will recall some of the fundamental concept and definition, which are necessary for

this paper.
Definition 1 [1] A semigroup (S,-) together with a partial order < ( on .S) this is compatible with semigroup
operation, meaning that for z,y,z € S,
<y =zz<zyand zz < yz
is called an ordered semigroup.
Let (S,,<) be an ordered semigroup. If A and B are non-empty subsets of S, we let
AB={aye S |x6A7y€B}7
(A]:{xeS|x§a for some a € A}.

Definition 2 [8] Let (5,,<) be an ordered semigroup. A non-empty subset A of S is called a subsemigroup
of Sif ab € A forall e,b € A Anelement a of S is called an idempotent if @ < a’. Anelement b c S is
called an inverse of a if a < aba and b < bab. An element e of S is called an identity element of S if

ex =z =ze forany z € S.

Definition 3 [6] Let (5,-,<) be an ordered semigroup. A non-empty subset A of S is called a left (resp,right)
ideal of S if it satisfies the following condition:

(5) SAC A (resp. ASCA). (m)forzecAandyc S, y<z =>ycAdor(Al=A.

Definition 4 [5] A non-empty subset B of an ordered semigroup (5, <) is called a bi-ideal of S if it
satisfies the following condition:

(i) BSBCB.(m)forzeBandyes,y<z=ycB or (B]=B5B.

Definition 5 [4] A subsemigroup B of an ordered semigroup (S,-,<) is called an interior ideal of 5 ifit
satisfies the following condition:

(7)) SBSCB.(i)forzcBandyeS, y<zr =ycB or (B]=B5B.

Definition 6 [7] A non-empty subset B of an ordered semigroup (S,-,<) is called a quasi-ideal of S ifit
satisfies the following condition:

(#) (SBIN(BS]cB. (@) forzeBandycS,y<z=yecB or (B]=B8B

Definition 7 [3] An ordered semigroup (5,-,<) is called a regular if for every a € S there exists z € .5 such

that a < aza. Equivalent definition:

(i) AC(ASA](VACS). (i) a € (aSa] (Va € 8).
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Definition 8 [3] An ordered semigroup (S, <) is said to be a left (respectively. right) simple ordered
semigroup if S dose not contain proper left (respectively. right) ideal of S.
Definition 9 A non-empty subset B of an ordered semigroup S is said to be bi-interior ideal of S if it
satisfies the following condition:
() (SBS]N(BSB]|CB. (%) forac Band becS,b<a=bc b or (B]=B.
Definition 10 A subsemigroup A of an ordered semigroup (5, <) is called a left (respectively. right) bi-
quasi ideal of S’ if it satisfies the following condition:
(i) (SA]N(ASA] C A (respectively. (AS]N(ASA] C A);
(#5) forac Aand beS,b<a=becAor (4 =A
Definition 11 A subsemigroup A of an ordered semigroup (5,-, <) is called a bi-quasi ideal of S if Aisa
left bi-quasi ideal and a right bi-quasi ideal of S .
Lemma 1 [9] Let S be an ordered semigroup, A and B are subsets of S. Then the following statements hold.
(1) AC(A]. () ((A]] = (4]. (@) If AC B, then(A] C(B]. (iv) (AN B] C(AN(B]. (v) (AUB] C(4U(B].
(vi) (A)(B] € (AB]. (vir) ((A](B]] = (AB].
3. Bi-quasi-interior ideals of ordered semigroup

In this section, we introduce the notion of bi-quasi-interior ideal as a generalization of bi-ideal and
quasi-ideal of ordered semigroup and study the properties of bi-quasi-interior ideals of ordered semigroup.
Definition 3.1 A non-empty subset B of an ordered semigroup M is said to be a bi-quasi-interior ideal of M
if it satisfies the following condition:
(i) (BMBMB)C B. (i) forac B and bc M,b<a=b¢c B or (B]=B.
Example 3.1. The ordered semigroup M = {a,b,c,d} and B = {a}. Define operation - on M by the

following table;

b la a a a

c|la a b a

d|la a b b
Define a relation < on M by <:{(a,a),(a,b),(b,b),(c,c),(d,d)}. Then B is a bi-quasi-interior ideal of M.

Theorem 3.1 Every bi-ideal of ordered semigroup M is a bi-quasi-interior ideal of ordered semigroup M.
Theorem 3.2 Every interior ideal of ordered semigroup M is a bi-quasi-interior ideal of ordered semigroup M.
Theorem 3.3 Let M be an ordered semigroup. Every left ideal is a bi-quasi-interior ideal of M.

Corollary 3.1 Let M be an ordered semigroup. Every right ideal is a bi-quasi-interior ideal of M.

Corollary 3.2 Let M be an ordered semigroup. Every ideal is a bi-quasi-interior ideal of M.
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Theorem 3.4 Let M be an ordered semigroup. Every quasi-ideal is a bi-quasi-interior ideal of M.

Theorem 3.5 Let M be an ordered semigroup. Intersection of a right ideal and a left ideal of M is a bi-quasi-
interior ideal of M.

Theorem 3.6 Let M be an ordered semigroup. If L is a left ideal and is a right ideal of ordered semigroup
M and B =(RL] then B is a bi-quasi-interior ideal of M.

Theorem 3.7 Let M be an ordered semigroup. If B is a bi-quasi-interior ideal and T is a non-empty subset of
M such that (BT)] is a subsemigroup of M then (BT] is a bi-quasi-interior ideal of M.

Proof. Assume that B is a bi-quasi-interior ideal and 7 is a non-empty subset of M and (BT] isa
subsemigroup of M. Then ((BT|M(BT)|M(BT]] C (BMIM(BM|M(BT]] € (BMBMBT] C (BT]. Thus
((BTIM(BT\M(BT]] € (BT]. Let 2 € (BT] and y € M be such that y < z. Since z € (BT], we have

z <z forsome z € BT. Then y <z <z, which implies that y € (BT]. Hence (BT] is a bi-quasi-interior
ideal of M.

Theorem 3.8 The intersection of a bi-quasi-interior ideal B of ordered semigroup M and aright ideal A of
M is always bi-quasi-interior ideal of M.

Proof. Assumethat C = BN A, where B is a bi-quasi-interior ideal of M and A is a right ideal of M.
Now, (CMCMC] C (BMBMB)] C B and (CMCMC] C (AMAMA] C(AAA] C (A] = A Itis clear that
(CMCMC] CBNA=C. Let ze€C and y € M suchthat y <z Since z € BN A, we have y € B and

y € A The assumption applies y € C. Hence the intersection of a bi-quasi-interior ideal B of ordered
semigroup M and arightideal A of M is always bi-quasi-interior ideal of M.

Theorem 3.9 Let A and C be bi-quasi-interior ideal of ordered semigroup M and B = (AC]. If CC =C
then B is bi-quasi-interior ideal of M.

Proof. Let A and C be bi-quasi-interior ideal of ordered semigroup M and B = (AC]. We have
BB=(AC|(AC] C(ACAC]) C(ACCAC]) C(ACCCAC] C(ACMCMC] C(AC] = B. Thus B=(AC] is
a subsemigroup of M. Now, (BMBMB] = ((ACIM(ACIM(AC]] € ((ACMACMAC]] € (ACMACMAC]
C(AMAMAC]) C(AC])=B. Let z € (AC] and y € M be such that y < z. Since z € (AC], we have z < z
for some z € AC. Then y <z <z, which implies that y € (AC]. Hence B is a bi-quasi-interior ideal of M.
Corollary 3.3 Let 4 and C be a bi-quasi-interior ideal of ordered semigroup M and B = (CA]. If CC =C
then B is bi-quasi-interior ideal of M.

Theorem 3.10 Let A and C' be subsemigroup of M and B =(AC]. If A isaleftideal of M then B isa
bi-quasi-interior ideal of M.

Proof. Let A and C be subsemigroup of M and B = (AC]. Suppose that A is a left ideal of M. We see
that BB = (AC|(AC] C(ACAC]) C(AMAC] C(AAC] C(AC] = B. Therefore B=(AC] isa

subsemigroup of M. Now, (BMBMB] = ((ACIM(ACI\M(AC]] € ((ACMACMAC]] C(ACMACMAC]
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C(AC]=B Let z € (AC] and y € M besuchthat y <z Since z € (AC], we have z <z for some

z € AC. Then y <z < 2, which implies that y € (AC]. Hence B is a bi-quasi-interior ideal of M.
Corollary 3.4 Let A and C be a subsemigroup of M and B = (AC]. If Aisarightideal then B is abi-
quasi-interior ideal of M.

Theorem 3.11 B is a bi-quasi-interior ideal of ordered semigroup M ifand only if B is aleft ideal of some
right ideal of an ordered semigroup M.
Proof. Assume that B is a bi-quasi-interior ideal of an ordered semigroup M. Then (BMBMB]C B.

It follow that (BMBM|M = (BMBM](M] C (BMBMM] C (BMBM]. Letz € (BMBM] and y € M be such
that y < z. Since z € (BMBM], we have = < z for some z € BMBM. Then y <z < z, which implies that
y € (BMBM]. Therefore (BMBM] is aright ideal of M. And(BMBM|B = (BMBM|(B] € (BMBMB)|

C (B] = B.Thus B is a left ideal of some right ideal of M.

Conversely, assume that B is a left ideal of a right ideal B of M. Wehave RM C R and RB C B. Then
(BMBMB] C (RMMMB] C (RMB] C (RB] C(B]= B. That (BMBMB]C B. Let z € B and y € M such
that y <z, then y € B. Hence B is a bi-quasi-interior ideal of M.

Corollary 3.5 B is a bi-quasi-interior ideal of an ordered semigroup M if and only if B is a right ideal of
some left ideal of an ordered semigroup.

Theorem 3.12 If B is a bi-quasi-interior ideal of an ordered semigroup M, T' is a subsemigroup of M and
T C Bthen (BT] is a bi-quasi-interior ideal of M.

Proof. Assume that B is a bi-quasi-interior ideal of an ordered semigroup M, T is a subsemigroup of M and
T C B.Then, (BT|(BT]C (BIBT] € (BT]. Thus (BT)] is a subsemigroup of 3. Now,
((BT\M(BT|\M(BT))| € (BTMBTMBT)| € (BMBMBT]| C(BT]. Let 2 € (BT] and y € M be such that

y <z Since z € (BT], we have z < z for some z € BT. Then y < z < z, which implies that y € (BT].
Hence (BT is a bi-quasi-interior ideal of M.

Theorem 3.13 Let B be abi-ideal of an ordered semigroup M and I be an interior ideal of M. Then
(BN1) is a bi-quasi-interior ideal of M.

Proof. Let M is an ordered semigroup. Suppose that B is a bi-ideal of M and I is an interior ideal of M.
Then (BNI)(BNI)C BB C B and (BNI)(BNI)CII CI. Therefore (BNI)(BNI)C BNI.

Hence (BN 1) is a subsemigroup of M. Now, (BNI)M(BNI)M(BNI)| C (BMBMB] C (BMMMB]
C(BMB] C(B]|=B and (BNI)M(BNI)M(BNI)| C (IMIMI| C (IMMMI|C (IMI|C(]=1.

Thus (BNDHMBNDHMBND]C(BNI). Let z € BNT and y € M suchthat y <z, then y € BN 1.
Hence BN I is a bi-quasi-interior ideal of M.

Theorem 3.14 Let M be an ordered semigroup. If M = (Ma] for all a € M, then every bi-quasi-interior
ideal of M is a quasi ideal of M.

Proof. Let B is a bi-quasi-interior ideal of ordered semigroup M and a € B. Then (BMBMB] C B.
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Wehave M = (Ma] C (MB],a € B. Ttis clear that M C (MB] C (MM] C (M]= M. Hence (MB] = M.
We have (BM|= (BMB] = (BMBM] = (BMBBB] C (BMBMB] C B. Therefore (MB]N(BM]C M NB=B.
Clearly, if z € B and y € M such that y <z, then y € B. Hence B is a bi-quasi-interior ideal of M.

Theorem 3.15 The intersection of bi-quasi-interior ideal B, |)\ € A ofan ordered semigroup M is a bi-

quasi-interior ideal of M.

Proof Let B = ﬂ B, Then B is a subsemigroup of M. Since B, is a bi-quasi-interior ideal of M, we get

AcA

(B,MB,MB ] C B, forall A€ AHence (("\B)M(\B)M(\B)IC(\B,=B Let zc B and y e M
such that y <z, then y € B. Therefore B is a bi-quasi-interior ideal of M.
Theorem 3.16 Let B be an interior ideal of ordered semigroup M, e € B and € be an idempotent. Then
(eB] is a bi-quasi-interior ideal of M.
Proof. Let B be an interior ideal of ordered semigroup M, obviously (eM] is a subsemigroup of M. By
considering (eM|M(eM] C (eM](M](eM] C (eMMeM] C (eM]. Let = € (eM] and y € M be such that y <=z
Since z € (eM], wehave z <z forsome z € eM. Then y <z <z, which implies that y € (eM]. Hence
(eM] is a bi-ideal of M. Suppose that = € BN (eM], then z € B and z € (eM]. Since = € (eM], we have
z <ey, forsome y € M. Then z <ey <eey <eeey < eeeey € eBBBM C eBMBM C eBB C eB. Hence
z € (eB]. Therefore BN (eM]C eB}. Since (eB] € (B] = B and (eB] C (eM], we have (eB] C BN (eM].
This show that BN (ed] = (eB]. By theorem 3.13 we get that (eB] is a bi-quasi-interior ideal of M.
Corollary 3.6 Let M be an ordered semigroup and e be an idempotent. Then (eM] and (Me] are bi-quasi-
interior ideal of M.
Theorem 3.17 If B be a left bi-quasi ideal of ordered semigroup M, then B is a bi-quasi-interior ideal of M.
Proof. Assume that B is a left bi-quasi ideal of ordered semigroup M. Now, (BMBMB] C (MB] and
(BMBMB] C (BMB]. We have (BMBMB] C (MB]N(BMB] C B. Clearly, if x € B and y € M such that
y <z ,then y € B. Hence B is a bi-quasi-interior ideal of M.
Corollary 3.7 If B be aright bi-quasi ideal of ordered semigroup M, then B is a bi-quasi-interior ideal of M.
Corollary 3.8 If B be a bi-quasi ideal of ordered semigroup M, then B is a bi-quasi-interior ideal of M.
Theorem 3.18 If B be a bi-interior ideal of ordered semigroup M, then B is a bi-quasi-interior ideal of M.
Proof. Suppose that B is a bi-interior ideal of ordered semigroup M. We see that (BMBMB] C (MBM] and
(BMBMB|] C (BMB], we obtain (BMBMB] C (MBM]N(BMB] C B.Clearly, if z € B and y € M such that
y <z, then y € B. This proves that B is a bi-quasi-interior ideal of M.

We introduce the notion of bi-quasi-interior simple ordered semigroup and characterize the bi-quasi-
interior simple ordered semigroup using bi-quasi-interior ideals of ordered semigroup and study the properties

of minimal bi-quasi-interior ideal of ordered semigroup.
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Definition 3.2 An ordered semigroup M is said to be bi-quasi-interior simple ordered semigroup if M has no
bi-quasi-interior ideals other than M itself.
Theorem 3.19 Let M be a simple ordered semigroup. Every bi-quasi-interior ideal is a bi-ideal of M.
Proof. Let B be a bi-quasi-interior ideal of a simple ordered semigroup M. Then (MBM|M C (MBMM]
C (MBM]and M(MBM)C (MMBM]C (MBM]. Let z € (MBM] and y € M be such that y < z. Since
x € (MBM], we have z < z for some 2z € MBM. Then y < z < z, which implies that y € (MBM].
Therefore (MBM] is an ideal of M. Since M is a simple ordered semigroup, We have (MBM] = M. Now
we prove that B is a bi-ideal of M. Consider BMB C (BMB] = (B(MBM|B] < (BMBMB]
C (B(MBM)B(MBM)B] C (BMBMBMBMB)] C (BMBM(BMBMB|| C (BMBMB] C B. Clearly,if z € B
and y € M suchthat y <z ,then y € B. It implies that B is a bi ideal of M. Hence the theorem is prove.
Theorem 3.20 Let M be an ordered semigroup. Then M is a bi-quasi-interior simple ordered semigroup if
and only if (a)qu =M, forall a € M, where (“)qu is bi-quasi-interior ideal generated by a.
Proof. Let M be an ordered semigroup. Suppose that (a)bqZ is bi-quasi-interior ideal generated by a. and M
is a bi-quasi-interior simple ordered semigroup.Then (a)w =M, forall a € M.
Conversely, suppose B is a bi-quasi-interior of ordered semigroup M and (a)bqt =M, forall a € M.Letb e B.
then <b)bqi C B implies M = (b)qu’ C B C M. Therefore M is a bi-quasi-interior simple ordered semigroup.
Theorem 3.21 Let M be an ordered semigroup. M is a bi-quasi-interior simple ordered semigroup if and
only if <a> =M, forall a € M and where <a> is the smallest bi-quasi-interior ideal generated by a.
Proof. Let M be an ordered semigroup. Suppose that M 1is a bi-quasi-interior simple ordered semigroup,
a € M and B = (Ma]. Then B is aleft ideal of M. By theorem 3.3 B a bi-quasi-interior ideal of M.
Therefore B = M. Hence (Ma] = M, forall a € M.
(Ma] C <a> C M,
M C(a)C M,
M= <a>.

Suppose <a> is the smallest bi-quasi-interior ideal of M generated by a, <a> = M, A isabi-quasi-interior
ideal and a € A Then, <a> CACM,

MCACM
Hence A = M. Hence M is a bi-quasi-interior simple ordered semigroup.
Theorem 3.22 Let M be an ordered semigroup. Then M is a bi-quasi-interior simple ordered semigroup if
and only if (aMaMa]= M, forall a € M.
Proof. Suppose that M is a bi-quasi-interior simple ordered semigroup and a € M. Now,
((aMaMa]M(aMaMa)M(aMaMa]] C (aMadMaMaMaMaMaMaM] C (aMaMa].Letz € (aMaMa]and y € M
be such that y < z. Since z € (eMaMa|, we have z < z for some z € aMaMa. Then y <z < 2, which

implies that y € (eMaMa]. Hence (aMaMa] is a bi-quasi-interior ideal of M.
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Conversely, suppose (aMaMa]= M, forall a € M. Let B be a bi-quasi-interior ideal of ordered semigroup
M and a € B Then, M = (aMaMa] C (BMBMB]C B. So M = B, which implies that A is a bi-quasi-
interior simple ordered semigroup.

Definition 3.3 An ordered semigroup is a left(right) simple ordered semigroup if M has no proper left(right)
ideal of M.

Theorem 3.23 If ordered semigroup M is left simple ordered semigroup then every bi-quasi-interior ideal of
M is aright ideal of M.

Proof. Let B be a bi-quasi-interior ideal of left simple ordered semigroup. It is easy to see that (MB] is a left
ideal of M and (MB] C M. Let z € (MB] and y € M be such that y < z. Since x € (MB], we have z <z
for some z € MB. Then y <z <z, which implies that y € (MB]. Therefore (MB] = M. Since BM

= B(MB] = B((MB]B] € B((MB|M] = B((MB](MB]] € (BMBMB] C B. So BM C B. Hence every bi-
quasi-interior ideal is a right ideal of M.

Corollary 3.9 If ordered semigroup M is right simple ordered semigroup then every bi-quasi-interior ideal of
M is aleft ideal of M.

Corollary 3.10 Every bi-quasi-interior ideal of left and right simple ordered semigroup M is an ideal of M.

Theorem 3.24 Let M be an ordered semigroup and B be a bi-quasi-interior ideal of M. Then B is minimal
bi-quasi-interior ideal of M if and only if B is a bi-quasi-interior simple ordered semigroup.

Proof. Let B be a minimal bi-quasi-interior ideal of ordered semigroup M and C' be bi-quasi-interior ideal of
B. Then (CBCBC] C C. Now, ((CBCBC|M(CBCBC|M(CBCBC|| C (CBCBCMCBCBCMCBCBC]

C (C(BMBMB|C(BMBMBIC] € ((C|(BMBMB](C|(BMBMB|(C]] € (CBCBC] C C. Clearly, if

z € (CBCBC] and y € M besuchthat y < z. Since z € (CBCBC], we have z < z for some z € CBCBC.
Then y <« < 2z, which implies that y € (CBCBC]. This show that (CBCBC] is a bi-quasi-interior ideal of
M. Since C is a bi-quasi-interior ideal of B then B = (CBCBC|C C. So B=C.

Conversely, assume B is a bi-quasi-interior simple ordered semigroup of M. Let C' be a bi-quasi-interior
ideal of M and C' € B. Then we have ¢ = (CBCBC] C (CMCMC] C (BMBMB]C B. So B=C. Since B
is a bi-quasi-interior simple ordered semigroup. Hence B is a minimal bi-quasi-interior ideal of M.

Theorem 3.25 Let M be an ordered semigroup and B = (RL], where L and R are minimal left ideal and
right ideal of M respectively. Then B is a minimal bi-quasi-interior ideal of M.

Proof. Let M be an ordered semigroup and B is a bi-quasi-interior ideal of M.Then (BMBMB]

C ((RLIM(RL\M(RL]] € (RMMRLMML)] C (RMRLML] C (RRLL] C (RL) = (B]. Let z ¢ (RL] and

y € M be such that y <=z. Since z € (RL], we have z <z forsome z € RL. Then y <z <z, which
implies that y € (RL]. Hence B = (RL] is bi-quasi-interior ideal of M. Let A be a bi-quasi-interior ideal of
M. Suchthat A C B. Itis obvious to see that (MA] is a left ideal and (AM] is a right of M. Then

(MA]C (MB] C(M(RL]) C(MRL] C(ML]C L,since L is aleftideal of M. Similarly, we can prove
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(AM])C (BM] € ((RLIM] C(RLM] < (RM]C R, since R isaright ideal of . Using the minimality of L
and R, we get (MA]= L and (AM]= R. Now, B = (RL] = (AM](MA]] C((AMMA]] C ((BMMB]]

C ((RL)MM(RL]] € (RLMMRL] < ((AM|(MAM(MA]] € (AMMAMMA] C(AMAMA] C A So A=B.
Hence B is a minimal bi-quasi-interior ideal of M.

Theorem 3.26 Let M be aregular ordered semigroup. Then every interior ideal of M is an ideal of M.
Proof. Let B be an interior ideal of M by theorem 3.2, we have B is a bi-quasi interior ideal of M. Then
(BMBMB] C B. Since M isregular, we have BM C (BMBIM C (BMBM)| C (BM(BMBIM)]

C (BMBMBM] C (BMBM(BMBIM) € (BMBMBMBM)] C (BMBMB] C B and MB C M(BMB]

C (MBMB] C (MBMBMB)] C (MBMBMBMB)] C (BMBMB] C B.Clearly, if z € B and y € M such that
y <z, then y € B. Hence the theorem is proved.

Theorem 3.27 [10] M is regular ordered semigroup if and only if AB = AN B for any right ideal A and lefi
ideal B of ordered semigroup M.

Theorem 3.28 Let M be a regular ordered semigroup. Then B is bi-quasi-interior ideal of M if and only if
(BMBMB] = B, for all bi-quasi-interior ideal of M.

Proof. Suppose that M is a regular ordered semigroup, B is bi-quasi-interior ideal of M and x € B. Then
(BMBMB] C B and there exists y € M such that z < zyr < zyzyr € BMBMB. This show that

z € (BMBMB). Hence (BMBMB] = B.

Conversely, suppose (BMBMB] = B, for all B is bi-quasi-interior ideal of M.Let B= RN L, where R isa
right ideal and L is a left ideal of M. Therefore RNL = ((RNL)M(RNL)MRNL)] C(RMLML)
C(RLIC RNL, since (RL]C (L]= L and (RL]C (R]= R. This show that RN L = (RL].

Hence by theorem 3.27, M is a regular ordered semigroup.

Theorem 3.29 Let B be a subsemigroup of regular ordered semigroup M then B can be represented as

B =(RL],where R isarightideal and L is a left ideal of M if and only if B is a bi-quasi-interior ideal of M.
Proof. Suppose that B = (RL], where R is arightideal and L is a left ideal of M. The following holds
(BMBMB] = ((RLIM(RL|M(RL]] € (RLMRLMRL] C (RL]= B. Let x ¢ (RL] and y € M be such that

y < z. Since z € (RL], wehave r <z forsome z € RL Then y <z < 2z, which implies that y € (RL].
Thus B is a bi-quasi-interior ideal of ordered semigroup M. Conversely, suppose that B is a bi-quasi-interior
ideal of regular ordered M. By theorem 3.28, we have (BMBMB] = B. Setting R = (BM] and L =(MB].
Then R = (BM] is aright ideal of M and L = (MB] is a left ideal of M. The following hold

(BM]N (MB] = (BM)(MB] C (BMMB] C (BMBMB] = B. Hence RN L = (BM]N(MB]C B. Since

BC (BM]=R and BC (MB]= L,wehave BC RN L. Itisclearthat B=RNL =(RL]. Thus B can
represented as (RL], where R is arightideal and I is a left ideal of M. Hence the theorem is proved.
Theorem 3.30 M is regular ordered semigroup if and only if BN I N L C(BIL], for any bi-quasi-interior

ideal B, ideal I, and left ideal of M.
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Proof. Suppose that M be a regular ordered semigroup, B, I and L are bi-quasi-interior ideal, ideal and left
ideal of M respectively. Let a € BNINL. Since M is a regular, we have a € (aMa]. So a < aya for some
y € M. Thena < aya <ayaya € BMIML C BIL. Thus a € (BIL]. Itis clear that BN I N L C(BIL].
Conversely, suppose that BN I N L C (BIL], for any bi-quasi-interior ideal B ,ideal I and left ideal L of
M. Let R bearightideal and L be aleftideal of M. Then by assumption RNL=RNMNL
C (RML) C (RL]. Wehave (RL] C (RM]C(R]= R and (RL]C (ML) C (L] = L. Therefore (RL] C RN L.
4. Conclusion
Here we introduced the notion of bi-quasi-interior ideal of ordered semigroup as a generalization of
bi-ideal, quasi ideal, interior ideal, bi-interior ideal and bi-quasi ideal of ordered semigroup and studied some of
their properties. We introduced the notion of bi-quasi-interior simple ordered semigroup and characterized bi-
quasi-interior simple ordered semigroup, regular ordered semigroup using bi-quasi-interior ideals of ordered
semigroup. We proved every bi-quasi ideal of ordered semigroup and bi-interior ideal of ordered semigroup are
bi-quasi-interior ideal. In continuity of this paper, we study bi-quasi-interior ideals of gamma ordered
semigroup, ordered semihypergroup.
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